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ABSTRACT: In this project work, we formulated a mathematical model based on a system of ordinary differential 

equation to study the transmission dynamics of Human papilloma virus (HPV) incorporating vaccination, treatment and use 

of condom as control strategies. The basic reproduction number and the effective reproduction number of the model without 

control and that with control were computed respectively using the next generation matrix approach. The Disease Free 

Equilibrium (DFE) states and. Endemic Equilibrium (EE) states of the models were also established. Sensitivity analysis was 

then carried out to determine which parameters that should be targeted by control intervention strategies of which the result 

shows that an increase in vaccination and treatment rate leads to a reduction in the prevalence of the disease. Finally, 

numerical simulation of the model was carried out and the result shows that an increase in protection leads to low disease 

prevalence in a population. 
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I. INTRODUCTION  
 

Human papilloma viruses are DNA viruses that present tropism for epithelium cell, causing infection of the skin and mucous 
membrane. It is a virus which is passed from skin-to-skin contact of the genital. It belongs to the family of 
papillomaviridae[1]. Papillomaviruses were first identified in the early 20th century, when it was shown that skin warts, 
or papillomas, could be transmitted between individuals by a filterable infectious agent. In 1935 Francis Peyton Rous, who 
had previously demonstrated the existence of a cancer-causing sarcoma virus in chickens, went on to show that a 
papillomavirus could cause skin cancer in infected rabbits. This was the first demonstration that a virus could cause cancer in 
mammals [2]. Human papillomaviruses (HPVs) have evolved over millions of years to propagate themselves in a range of 
different animal species including humans.Viruses that have co‐evolved slowly in this way typically cause chronic inapparent 
infections, with virion production in the absence of apparent disease [3].However, in the subsequent years, research on HPV 
was discouraged due to the lack of a system of tissue culture and to the apparently benign nature of human warts.In the early 
1980s, there was a rapid increase in research on HPV; consequently, HPVs 16 and 18 were identified and their relationship 
with cervical cancer was established. The first epidemiological study on HPV and cervical cancer was published in 1987. 
Since then, several epidemiological and molecular studies have confirmed that cervical infection by certain HPV types is a 
precursor of the genesis of cervical neoplasia. [1] 
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1.1 Prevention of hpv 
Circumcision: circumcision reduces the risk of HPV infection, although the mechanism of protection is not clearly defined. 
The removal of the foreskin may decrease the occurrence of microtraums to the squamous epithelial layer beneath the 
foreskin thereby decreasing the opportunity for HPV replication in the area. However, infection can take place anywhere on 
the penis including the penile shaft, glans/corona and scrotum. 
Number of sexual partners: the best protection against HPV is to avoid sexual contact with any person who might be carrying 
this virus. Research at CDC confirms that the risk of contracting HPV is directly proportional to the number of one’s sexual 
partners and secondarily to the number of partners with whom one’s partner has been in sexual contact. However, having 
only one sex partner who only has you as well will reduce the chance of you getting HPV infection. 
Regular screening: routine screening for women aged 30 to 65 years old can prevent cervical cancer. 
Vaccine: HPV vaccines are preventive intervention and report in [4]; shows its efficacy against HPV. A bivalent vaccine 
(cervarix) offers protection against HPV types 16 and 18, which accounts for approximately 75% of cervical cancers while a 
quadrivalent vaccine (gardasil) offers protection against HPV types 6 and 11 which accounts for over 90% of genital warts. 
Sexual abstinence: abstaining from sex is the most reliable method for preventing genital HPV infections. 
Condom: practicing and correct use of condom can decrease the chances of HPV infection. Although the interventions might 
not fully protect against HPV but it can decease the chances of HPV acquisition and transmission. 
 

1.2 Treatment of hpv 

 

Although there is no cure for HPV, there are treatments for the health problems that HPV can cause. 

Many warts will clear up without treatment, but if you prefer not to wait, you can have them removed by the following 

methods and products: 

Topical cream or solutions 
Cyrotherapy or freezing and removing the tissue 
Luster therapy 
Surgery 
 

II.THE MODEL FORMULATION 

We assume that the susceptible are recruited by birth at a level of . We also assume that the susceptible class(S) is grouped 

into two. That is, those that are vaccinated(  )and those that are not vaccinated(  ).Then, those that are not vaccinated are 

grouped into two.That is, those that are not vaccinated but are using condom(  ) and those that are not vaccinated and 

refuse to use condom(  ).The rate at which susceptible class receives vaccination is  while the rate of refusing to be 

vaccinated is given as (1- .Also, the rate at which  uses condom is r while that of refusing to use condom is(1-

r). , , becomes exposed to HPV infection at a rate (  , 

, respectively.Where, . , , are the rate which , , interact with 

infected but not treated class(  respectively to become exposed.The Exposed class(E) is increased by the progression of 

individuals from the susceptible class and by the progression of  recovered individual ,also the susceptible class and 

Exposed class is decreased by natural death denoted by ( , and also as a result of progression to other class.The Exposed 

class reduces as a result of progression to Infected class at the rate( .The infected(I) class is grouped into infected 

treated( ) and infected not treated( ) at rate( ) and (1- ) respectively.The infected treated( ) and infected not treated( )  

class is decreased by natural death(  and death as a result of the infection (  and(   respectively where > , also as a 

result of progression to Recovered(R) class at rate (  and (  respectively.The infected not treated( ) class recovers 
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with natural immunity.The infected treated( ) class recovers as a result treatment and natural immunity( .  .The 

Recovered class decreases as a result of progression to Exposed class at rate (  . 

 

 

2.1 Model assumption 

The development of the model is based on the following assumption: 

Those recruited into the system are not infective or contacted the disease 
The vaccine is given in three doses 
There is condom control for those that are not vaccinated 
The infected individual can recover by natural immunity or by treatment 
There is no vaccine with 100% efficacy to prevent the disease; therefor the vaccine can wane with time. 
Some proportion of the susceptible are vaccinated against the disease 
When the disease enters dormant stage, the infected individual will assume to have been recovered; hence the infected 
individual remains exposed to the disease after recovery (dormant stage) 
People can die naturally or as a result of the disease 
Now, putting these assumptions together we have a model flow diagram and thus the model equations for the transmission 
dynamics of the HPV and its control 
 

 

2.2 Flowchart of hpv with control measure  
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Figure1: Flowchart of hpv with control measure 

 

2.3 Meaning of parameter 

= susceptible 

= susceptible vaccinated 

= susceptible unvaccinated 

= susceptible unvaccinated using condom 

= susceptible unvaccinated not using condom 

= exposed individual 

I= infected individual 

= undergoing treatment 

= infected refused to be treated 

= recovered individual 

= the rate at which susceptible receives vaccination 

= the rate at which  uses condom 

1= the rate at which  got exposed 

2=the rate at which  got exposed 

3= the rate at which  got exposed 

4= the rate at which recovered individual becomes exposed again 

= the waning effect of the vaccine 

= the rate at which infected individual receives treatment 

= the probability at which the infected individual refuse to be treated remains untreated 

1= the rate at which  recovers 

2= the rate at which  recovers 

= natural death 

= death induced by the disease 

the probability at which susceptible unvaccinated individual remains unvaccinated 

the probability at which infected refuse to be treated individual remains untreated 

 = migration level 

 

 
2.4 Mathematical model equation for transmission dynamics of hpv and its control 
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Where:  

And > >  , >  

 

 

II. ANALYSIS AND RESULT OF MATHEMATICAL MODEL OF HPV  

 

 
3.1 Solution and analysis of hpv model without control  

 

Removing the two (2) control measures from the model of equation (2.31) – (2.39) 

We have the control free model of HPV which is given by  

                           (2.40) 

                         (2.41) 

                 (2.42) 

2.43) 

Where , that is the rate at which susceptible interacts with infected class to become expose. Also  is the rate at which 

the infected class recovers 

3.1.1 Disease free Equilibrium (DFE) 

At DFE, there is no HPV disease and as such nobody is infected by HPV, hence, nobody recovered. This implies 

 

The DFE is given by =  

3.1.2 Endemic Equilibrium (EE) for the control free model 
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At disease endemic state, disease exist and as such  

 

At equilibrium  

Let S = S*, E = E*, I = I*and R = R* 

Then EE is given as * E* * R*  

 
3.2 Solution and analysis of the model with control 

 
3.2.1 Disease free equilibrium 

At disease free equilibrium, there is no disease and as such,  

At disease free equilibrium 

 
Where 

 
Since  in disease free equilibrium 

Then,  

 
 

3.2.2 Endemic Equilibrium (EE) 

 

At disease endemic equilibrium state, disease exist and as such  

At equilibrium state  

 

 
The equations of endemic equilibrium are: 
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Where 

 

 

 

  

  

 

3.3 The basic reproductive number ( ) 

 

The basic reproductive number ( ), is defined as the expected number of secondary cases produced by a single (typical) 

infection in a completely susceptible population [5]. Arguably, it is most important threshold parameter that determines 

whether an infectious disease can invade a population. In a susceptible population where control measures such as treatment, 

vaccination, condo use, etc already exist then the basic reproduction will be define as control reproduction number. 

To construct the basic reproduction number, we need to form the new generation matrix which is the product of , 

where F is the matrix of the new infection term and V is the matrix of all the worsening terms. Also, F is the rate of 

appearance of new infection; V is the difference between the transfer rate of individual out of compartment by other means 

and the transfer rate of individuals into compartment by other means.  

Reproduction number . Where  denotes the spectral radius of a matrix V which represents the dominant 

non negative Eigen-value of the next generation matrix of the square matrices F and V of order (m x m) where m is the 

number of infected class and defined by  

 

and  

 

Such that f is non-negative 

V is a nonosingular m-matrix 

And   is the disease free equilibrium point (DFE). If , it means that an infected person produces more than one 

infected person throughout his infective period in the population and as such the disease invades the population but if 

, it mean that an individual produces an average less than one infected person which by calculation mean that the 

disease will die out from the population with time. 

The basic reproduction number for control free HPV model is given as 
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The basic reproduction number for control model of HPV is given as 

 

 
 

3.4 Sensitivity analysis 

 

We calculate the sensitivity indexes of the reproduction number for the control model  to the parameters involved in the 

model (3.31) – (3.39), this analysis shows us how to reduce human mortality due to HPV infection, it helps us to find out 

those parameters that should be targeted by intervention strategies which also enable us to know how crucial each parameter 

is to the transmission of the disease. To check which of this parameter in the model (3.31) – (3.39) has high impact on  

and also to find out key parameters that contributes in the reduction of HPV transmission in the population. The normalized 

forward sensitivity index of variable to a parameter is the ratio of the relative change in the parameter. 

 

 

        Table 1: Numerical value of sensitivity index  

s/n Parameters Sensitivity index 

1.  1 

2.  -0.064 

3.  0.043 

4.  -2.823 

5.  132.133 

6.  -2.948 

7.  210.335 

8.   1.191 

9.   0.500 

10.   0.390 

11.   0.998 

12.   -130.426 
   

We conclude from the sensitivity analysis conducted as given in the table above, the positive values increase the endemicity 

of the disease and the negative values decrease the endemicity of the disease 
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III. MODEL SIMULATIONS 

 
Matlab 2011 programming language was used for this simulation 
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Figure 2: Dynamics of susceptible population 

 

From fig 2 above, we can see that the susceptible population reduces with time due to the disease that infects them over time. 

Even though the new members enters the population, the number of the susceptible infected are more than those that enters 

the population as susceptible and so the susceptible population will decrease asymptotically    
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Figure 3 : Hpv population dynamics   
 

Fig 3 shows that the Exposed class rises significantly and drops with time. The rise is due to some susceptible class refusing 

to be vaccinated and the waning effect of the vaccine over a period of time. The drop is as a result of treatment control and 

strong immune of individual over a period of time. The Recovered class increase significantly as a result control measures 

against HPV infection which allows more infected class to recover over time. Also the decrease in the population of 

susceptible unvaccinated class, susceptible vaccinated class, susceptible unvaccinated using condom class and 
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susceptible unvaccinated not using condom class is due to the movement of the above classes to the Exposed class. Also 

the decrease in the population of infected but refused to be treated class is as a result of more people going for treatment.  
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Figure 4: Effect of response to treatment at 0.25 for 10 month 

 
Fig 4 shows the effect of lambda at a rate of 0.25 after 10months.At initial stage of the treatment the population of the 

recovered class and that of infected treated class are half of the infected but refuse to be treated class. But after some 

days (15 days) the population of the recovered class is equal to the population of the infected but refuse to be treated class. 

This is due to the acceptance of those that refuse to be treated initial to be treated after some time. Hence, after 10 months the 

population of infected but refuse to be treated decrease causing increase in the population of infected treated class and 

significant increase in the population of the recovered class. 
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Figure 5: Effect of response to treatment at 0.85 
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Fig 5 shows as well that as we increase lambda more people recovers over time which is as a result of more people going for 

treatment.    
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Figure 6: Effect of vaccination at 0.8 for one month 

 
Fig 6 shows that increase in the population of susceptible unvaccinated will cause the decrease in the population of 

susceptible vaccination. 
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Figure 7: Effect of vaccination at 0.8 for 10 month 

 

Fig 7 shows that as more news members accepts vaccination the population of susceptible unvaccinated will reduce with 

time. 
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IV. CONCLUSUION. 

 
Base on the result of this study we conclude that the most effective way of control HPV infection Within a population is by 

getting vaccination, maintain strong immune system by avoiding things that can affect your immune system, treatment of 

diseases coursed by hpv infection. Abstinence from sex before marriage remains the best way to avoid any STI. Also, 

vaccination of the susceptible class should be encouraged within the population against HPV infection. This work will help 

in enlightenment campaign program to the developing and under developing countries that are not away of HPV. It can also 

serve as a prevalence date to Health organizations. 
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